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A well-known theorem of van der der Waerden [13] can be formulated 
as follows: To each pair of positive integers k and t, there corresponds a 
least positive integer W(k, t) such that, if the set (1,2,..., W(k, t)> is 
partitioned in any way into k sets, at least one of these sets contains an 
arithmetic progression oft + 1 terms. 
The problem of evaluating W(k, t) is a very difficult one. While it is 
clear that W(1, t) = r + 1 and W(k, 1) = k + 1, the only other values 
which are known are W(2, 2) = 9, W(2, 3) = 35, and W(3,2) = 27 (see 
[3] and [lo]). A number of papers have considered the question of deter- 
mining lower bounds for W(k, t). P. ErdGs and R. Rado [4] proved by 
probabilistic methods that 
W(k, t) 3 (2tk3’f”. 
This result was improved by W. Schmidt [I I], who showed that 
/,fI(k, t) > kf-c(t log t)“‘, (1) 
where c is an absolute constant.’ However, Schmidt’s argument is also 
non-constructive. E. R. Berlekamp [2] established, by constructive 
arguments, a lower bound for W(k, t) which is, for many values of k and t, 
superior to that given by (1). If t is small compared to k, the best lower 
bound for W(k, t) is the one obtained by L. Moser [7], who proved that 
W(k, t) > tkci@. (2) 
The object of this paper is to show that, for t > 4, and k large compared 
to t, (2) can be substantially improved. 
1 The letter c will he used throughout to denote absolute constants. The numerical 
value of c will not necessarily be the same at each occurrence. 
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We shall need to consider the following related function: I&) is the 
largest number of integers that may be selected from {I, 2,..., n>, no t + 1 
in arithmetic progression. In connection with this function the following 
results are known: F. Behrend [I] and Moser [6] proved that 
vz(n) > nl-c/(log WI’2 
and R. A. Rankin [8] proved that 
vt(n) > +-c~s)/(log nv’s+1, (3) 
where s is defined by 2” < t < 2s+1 and c(s) is a constant depending only 
on s. We remark that it has been conjectured that, for each fixed t, 
V&Z) = o(n). This has been proved by K. F. Roth [9] in the case t = 2 and 
by E. Szemeredi [12] in the case t = 3. 
Our main result is the following theorem: 
THEOREM. Let t 3 2 and let s be defined by 2” < t < 2s+1 . Then 
).ql& t) > /7pH10&! 708, (4) 
where c(s) is a constant depending only on s. 
Proof. Let IZ be a positive integer and let N = {l, 2,..., n}. Let A C N 
be such that no t + 1 terms in A are in arithmetic progression. We suppose 
that A is maximal, that is, j A I = vt(n). For X an integer let 
A,=(a+hla~A}andletA,’ = A n N. Since arithmetic progressions 
are invariant under translation, Ah , and hence Ah’, contain no arithmetic 
progression of length t + 1. We shall now prove that there exist integers 
Al , & 9.e.2 h, such that (Jbl Ali = N and where k satisfies 
The numbers X, , h, ,..., h, are chosen recursively as follows: h, = 0 and 
after the numbers h, , h, ,..., h, have been chosen, select X,, so that 
is maximal (- denotes the set theoretic difference). Let k be the first integer 
such that 
N = 6 A;, . 
i=l 
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It remains to be shown that k satisfies (5). To prove that this is so we use 
an argument which is a modification of that used by G. G. Lorentz [5] 
in connection with a different question. 
Let Bl = Ai, and for I 2 2 let 
l-l 
BL = A;, - u A&. 
i=l 
Let z = V&Z) and define numbers m(z), m(z - l),..., m(2), m(l), m(0) 
recursively as follows: m(z) is the largest integer such that 1 B, ) = z 
for p = 1, 2 ,..., m(z). Let 1 < u < z - 1. After the numbers 
m(z), m(z - l),..., m(u + 1) have been defined, let m(u) be the largest 
positive integer for which / B, 1 = u for 
provided such a positive integer exists. If there is no such integer put 
m(u) = 0. Finally define m(0) to be 0. It is clear that 
k = i m(u). 
?A=1 
(6) 
Now define a sequence of subsets N, , N,-, ,..., N1 , N, of N as follows. 
N, = N and for 1 < u < z - 1 put 
N, = aIaEN,a$Ai, fori=1,2 ,..., 
Let N0 be the empty set. Then clearly, for 1 < u < z, 
I N,-, I = I N, I - Mu). 
Equivalently, 
m(u) = i (I N, I - I N,-, I). (7) 
From (6) and (7) we get 
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For each A, 1 A j < IZ, we have 1 A,,’ n N, I < u and hence 
Since each r E N, belongs to exactly z of the sets AA’ we have 
,\E, ’ AA’ 
nN,I =zIN,\. 
From (9) and (10) we get 
I N, I < 2n + 1 
-,------- 
u Z 
(9) 
(10) 
(11) 
and from (11) and (8) it follows that 
which is (5). 
We have therefore partitioned N into k sets, no one of which contains 
an arithmetic progression of t + 1 or more terms. Thus 
W(k, t) >, n. (12) 
Now we prove (4). Let t 3 2 be a fixed positive integer and, as usual, 
let 2” < t < 2S+1. Let k be a positive integer and let n be the least integer 
satisfying (5). Then k, t, and n satisfy (12). It follows from (5) that 
(13) 
and from (13) and (3) we get 
k < c*c(s)/(lo~ n)8'(s+l) log n (14) 
If we solve (14) for n we get 
n > ,@Wlog k)’ 
(1% 
From (15) and (12) we get (4) and hence our theorem is proved. 
We remark in conclusion that, even for t = 2, 3, our theorem gives an 
improvement over the result (2) of Moser in the sense that by being very 
careful with our calculations we are able to replace the constant c obtained 
by Moser by a larger value. However, we do not go into the details of this. 
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